DRINFELD MODULAR CURVE AND WEIL PAIRING 



GERT-JAN VAN DER HEIDEN 



Abstract. In this paper we describe the compactification of the Drin- 
feld modular curve. This compactification is analogous to the compact- 
ification of the classical modular curve given by Katz and Mazur. We 
show how the Weil pairing on Drinfeld modules that we defined in earlier 
work gives rise to a map on the Drinfeld modular curve. We introduce 
the Tate-Drinfeld module and show how this describes the formal neigh- 
bourhood of the scheme of cusps of the Drinfeld modular curve. 



1. Introduction 

Consider a smooth, projective, geometrically irreducible curve X over ¥ q , 
and fix some point oo on this curve. Let 

A:=T(X -oo,O x ) 

be the ring of functions on X which are regular outside oo. Let / G A\^? q 
be a non-constant element, and let 

A f :=A[f- 1 ]. 

The moduli scheme M 2 (f) plays an important role in this paper. It repre- 
sents the functor which associates to every ^4j-scheme S the set of isomorphy 
classes of Drinfeld modules with a level /-structure over S. 
In this paper we will address the following problems: 

(i) Construct a morphism 

Wf ,M r (f)^M\f). 

This morphism is induced by the Weil pairing for Drinfeld modules. 
The Weil pairing is defined in j!2j . 
(ii) Define the Tate-Drinfeld module and describe its universal property, 
using ideas of G. Bockle in Chapter 2 of ^ and ideas of M. van der 
Put and J. Top in [22] and j2T]. 

(in) Describe a compactification M (/) of M 2 (/). The Tate-Drinfeld 
module will enable us to describe the scheme of cusps 

Cusps = (M 2 (f)-M 2 (f)y ed . 

(iv) Compute the number of components of M 2 (f) and describe the cusps 
of the analogue of the classical curve Xq(N). 
We would like to point out that another description of the compactification 
of M 2 (/) can be found in T. Lehmkuhl's 'Habilitation' [Ej- Our treatment 
uses the Weil pairing and gives an explicit description of the Tate-Drinfeld 
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module. In a forthcoming paper this enables us to develop the Neron model 
of the Tate-Drinfeld module, analogous to the Deligne and Rapoport's con- 
struction of the Neron model of the Tate-elliptic curve in This will 
probably give rise to an extension of the functor represented by M r {f) to a 
functor represented by the compactification M (/). 

Sections El and E] give a brief introduction to the moduli problem and to the 
moduli schemes. At the end of SectionEJwe state the assumptions which are 
used throughout this paper. In Section El we recall the definition of Drinfeld 
modules over schemes and level structures. In Section El we describe the 
moduli problem that Drinfeld considers in his original paper (Sj. The goal 
of Section 0] is to prove Theorem 14. 1\ i.e., to construct the morphism Wf 
considered in problem (z). In Sections El El and we discuss problem (ii). In 
Section [3 we classify the Drinfeld modules of rank 2 with level /-structure 
over the quotient field of some complete discrete valuation ring V which 
have stable reduction of rank 1. The main result of this section is Theorem 
15.81 In Section El we define the Tate-Drinfeld module of type m with level 
/-structure. In Section0we define the universal Tate-Drinfeld module Z\ cf. 
Theorem l7.4l For the application to problem (iii) we need a weak version of 
the universal property of the scheme Z as stated in Theorem 17. 81 In Sections 
El and El we study problem {Hi). In Section El we give a compactification of 
M 2 (/). The treatment given here is analogously to the compactification of 
the classical modular curve given by N.M. Katz and B. Mazur in Chapter 
8 of their book ^5]. This enables us in Section El to identify the formal 

neighbourhood of the scheme of cusps M (/) — M 2 (f) with the universal 
Tate-Drinfeld module. The main results are Theorem 19.11 and Corollary 
19.21 In Section EH we compute, using the scheme of cusps, the number of 
components for every geometric fibre; cf. Theorem llU.il 

2. Drinfeld modules over schemes 

Throughout this paper we will denote the quotient field of any integral 
domain D by Kjj. We recall the definition of Drinfeld modules over schemes 
and level structures. There are many texts available for a more extensive 
account of these definitions; cf. [3J, ^Bl> US] and [2*0] . 

2.1. Line bundles and morphisms. Let Bbea commutative F g -algebra 
with 1 and let G Q} b denote the additive group over B. The ring of F^-linear 
endomorphisms EndF g (G aj s) of G a ,B is isomorphic to the skew polynomial 
ring B{t}. In this skew polynomial ring multiplication is determined by the 
rule rb = b q T for all b € B. 

This can be generalized to schemes. Let S be an F^-scheme, and let L — > S 
be a line bundle. As usual, L is also a group scheme due to its additive group 
scheme structure. A trivialization of L is a covering Spec(-Bj) of open affines 
of S together with isomorphisms L|g pec ( B .) = & a ,Bi- By Endp 5 (L) we denote 
the Fq-linear S'-group scheme endomorphisms of L. Let C be the invertible 
O^-sheaf corresponding to L, and let 

t % : C — > C q ' by s i->- s <g> . . . (g> s. 
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The ring Endp^ (L) is isomorphic to the ring of all formal expressions ^ c^r* 

which are locally finite. Here on : C q ' — > C is an Cg-module homomorphism 
for every i. Multiplication in the ring of formal expressions is given by 

aiT l f3jT^ = on® f3j r i+ K If {Spec(l?j)}j e / is a trivialization of L, then the 
restriction of Endp g (L) to Bi is simply Bi{r}. 
Furthermore, we denote by do the point derivation at 0: 

d :End Fq (L) ^T(S,O s ) by J^a^i-ao. 

i 

2.2. Drinfeld modules over a scheme. 

Definition 2.1. Let K be an ^4-field equipped with an ^4-algebra structure 
given by 7 : A — > K. Let L = G at x- A Drinfeld module over K is a ring 
homomorphism 

ip : A — ► EndF,(G ai A-) 

such that 

0') d a if = 7; 

(ii) there is an o 6 i such that ip a 7^ 7(a). 

A Drinfeld module over a field K has a ran&, i.e., there is an integer r > 1 
such that deg T (p a = r deg(a) for all a £ A. 

Definition 2.2. Let S be an yl-scheme via the morphism 

7s : S — > Spec(A). 

A Drinfeld module of rank r over S is a pair (L, <p)s of a line bundle L — > S 
and a ring homomorphism </> : A — ► Endp 9 (Li) such that 

(i) <% 093 = 7*; 

(ii) For all a € A the morphism 93 a is finite of degree q rde s( a ) . 
Remark 2.3. The pull-back of a Drinfeld module (L, S) along a morphism 

Spec(i^) — ► 5 

for some field K is a Drinfeld module over K in the sense of Definition 12. II 

If S = Spec(-B) and L is isomorphic to G 0) b, then we simply write ip instead 
of (L,tp)s- The morphism 75 is called the characteristic of (L,(p)s- An 
ideal n C A is called away /rom i/ie characteristic if T^(n) is disjoint with 
the image of 75. 

Definition 2.4. A morphism £ of Drinfeld modules over S 

Z:(L,<p) s ^(M,t/>) s 

is a map £ £ Hom.f q (L, M) such that £ o <p a = ip a o £ for all a € A A 
morphism £ is called an isomorphism, if it gives an isomorphism between 
the line bundles L and M over S. 
An isogeny of Drinfeld modules is a finite morphism. 

Remark 2.5. An isogeny exists only between Drinfeld modules of the same 
rank. 
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Remark 2.6. A Drinfeld module (L, ip)$ of rank r and a morphism 

give by pull-back rise to a Drinfeld module (f*L, /*V)t ° ver T of rank r. 

2.3. Level structures. For any non-zero f £ A, let 

</?[/] := ker(p/ : L — > L). 

This is a finite, flat group scheme over S, namely 

ker((yjy : L — ► L) = L x L S 

where the fibre product is taken over ipf : L — ► L and the unit-section 
e : S — > L of the group scheme L. If n C A is any non-zero ideal, then 

/en 

where the product is the fibre product over L. The scheme cp[n] is etale over 

5 if and only if n is away from the characteristic. 

Remark 2.7. Let K be an algebraically closed A-field. If S = Spec(K), then 
tp[n] = Spee(K[X\/(<p f (X),tp g (X))) 

with n = (f,g). 

Definition 2.8. Suppose that n is away from the characteristic, then a level 
n-structure A over S of (L,ip)s is an ^4-isomorphism 

\:(A/n) r ^<p[n](S). 

Remark 2.9. If n is not away from the characteristic, then the definition 
of a level rt-structure is more involved. One can view ip[n] as an effective 
Cartier divisor on L. By definition a level rt-structure of (L,(p)s is an A- 
homomorphism 

A : {A/n) r — » L(S) 
which induces an equality of Cartier-divisors: 

ae(A/n) r 

We will not expand on this. In this paper we restrict to the cases for which 
Definition 12.81 is enough. 

Let the triple (L, ip, A) 5 denote a Drinfeld module of rank r over S with level 
n-structure A. 

Definition 2.10. A morphism between two triples (L, ip, A) 5 and (M, ■0, /i)s 
is a morphism £ : (L, ip)g — > (M, t/j)s of Drinfeld modules over S such that 
£(5) o A = // where £(.5) : L(S') — ► M(S) is induced by £. A morphism is 
called an isomorphism if £ is an isomorphism of Drinfeld modules. 
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3. The moduli problem 

Let n C A be a non-zero, proper ideal. In his original paper, Drinfeld 
considers the following moduli problem for Drinfeld modules. Let 

J^(n) : A - Schemes — ► Sets 

be the functor which associates to each A-scheme S the set of isomorphy 
classes of Drinfeld modules over S of rank r with level n-structure over S. 
Drinfeld showed the following; cf. Proposition 5.3 and its corollary in [3]. 

Theorem 3.1 (V.G. Drinfeld). If n C A is an ideal divisible by at least 2 
distinct primes, then there exists a fine moduli space 

M r (n) — ► Spec(^) 

representing the moduli problem ^ (n). Moreover, this scheme has the fol- 
lowing properties: 

(i) M r (n) is affine and smooth of dimension r; 

(ii) M r (n) — ► Spec(j4) is smooth of relative dimension r — 1 over 
Spec(A) - V(n). 

For arbitrary non-zero ideals n C A, the functor J- r {n) has in general only 
a coarse moduli scheme. This coarse moduli scheme will also be denoted by 
M r (n). We recall here briefly the construction of this scheme; cf. 20 for a 
nice exposition of this. Let n, m C A be ideals such that rim is divisible by 
at least two distinct prime ideals, then by Theorem 13.11 there exists an affine 
scheme M r (nm) representing the moduli functor ^(nm). Let (L,ip,X)s be 
a Drinfeld module of rank r with full level mn-structure A over an A-scheme 
S. On these triples the group Gl r (A/mri) acts by 

<t(L, tp, A) := (L, if, A o a) for all a G Gl r (A/n). 

Note that Gl r (A/n) is isomorphic to the kernel of the mod m reduction map 

Gl r (mn) — ► Gl r (m). 

This induces an action of Gl r (A/n) on M r (mn). The coarse moduli scheme 
of JF r (m) is defined as 

M r (m) := M r (mn)/Gl r (A/n). 

This quotient exists, because G\ r (A/n) is finite. It is, however, not obvious 
that this scheme is coarse for the given moduli problem. See (2131 for a proof 
of the coarseness of the scheme. The scheme M r (m) does not depend on the 
choice of n. 

3.1. Actions on M r (n). Let A = lim A/n, and let Aj = A ®a Ka- In 

this subsection we describe the natural action of Af ■ Gl r (A) on M r (n); cf. 
5D]. Using this action, we can define the action of Gl r (^4/n) and Cl(^4) 
on M r (n). To keep this paper self-contained, we recall here the treatment 
given in Section 3.5 of ^S], where the reader can find proofs and details. 

A total level structure of a Drinfeld module {L, (p)g is a homomorphism 

k : (Ka/AY — L(S) 
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such that its restriction to (n l A/A) r defines a level n-structure. Let 

M r := lim M r (n) 

where n runs through the non-zero ideals of A. This is an affine scheme, and 
M r represents the functor which associates to each yl-scheme S the set of 
isomorphy classes of Drinfeld modules with a total level structure over S. 

There is a natural action of GL-(A^) on M r , which is defined as follows. Let 
S be an ^4-scheme, and let (L, (p, k)s be a Drinfeld module with a total level 
structure over S. Let a G Gl r (Ay) such that the entries of a are elements of 
A, then a gives rise to a map 

a : (K A /AY — (K A /Af. 

Let H a denote the kernel of a. The kernel H a gives rise to a finite subgroup 
scheme of L. We can divide out the pair (L, ip)s by this subgroup scheme. 
This gives us a pair (L', ip')s- The following diagram equips the pair (L', tp')s 
with a total level structure k': 

> H a ► (K A /A) r — (K A /AY ► 

(i) | «j |«' 

► > L(5) > L'(S). 

If a comes from an element in v4\{0}, then its action is trivial. This implies 
that we get an action of Gl r (Af)/K^ on M r (S). As this action is functorial 
in S, this defines an action of Gl r (Af)/K A on M r . 

For the moduli scheme M r (n) we have M r (n) = r(n)\M r with 

T(n) := ker(GL(i) — > Gl r (A/n)). 

The restriction of the universal triple (L,(p,n) on M r to M r (n) gives the 
universal pair (ip, A) on M r (n) (Recall that the line bundle of the universal 
Drinfeld module on M r (n) is trivial.) As A£ • Gl r (A) commutes with T(n) 
in GL.(A/), it follows that the action of Gl r (Aj) on M r defines an action of 
A* • GL(i) on M r (n). The normal subgroup K* A ■ T(n) C A* • Gl r (i) acts 
trivially on M r (n). Let 

G:=A* r Glr(A)/KX-r(n). 

As A*j/K A ■ A* = C\(A), it is not difficult to see that we have the following 
exact sequence 

— ► Gl r (A/n)/F* — > G — > C\(A) — ► 0. 

To describe the action of Gl r (A/n)/F*, let a G Gl r (A) and let a be the 
image of a under the reduction map Gl r (A) — ► Gl r (^4/n)/F*. Then 

a : (f, A) ^ (f, X o a^ 1 ). 
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Remark 3.2. However, in the sequel we prefer to drop the inverse. If we talk 
about the action of a G Gl r (A/n)/¥* on (</?, A), then we mean the action 
given by 

a : (cp, A) i— A o a). 
Consequently, Gl r (^4/n)/F* acts on the right of M r (n) and not on the left. 

Let m € A n Ap then m defines a unique ideal m = (m) n ^4 C A. We 
suppose that m is a non-zero, proper ideal which is relatively prime to n. 
Let I r denote the identity element in Gl r (Aj), and let a = m ■ I r . We 
describe the action of a on M r . Clearly, H a = (m _1 A/A) r , and iifo- maps 
to (^[m](M r ) under k. This means that the isogeny 

£ m :(L j¥ — (LV) 

defined by <r has kernel y[m]. The total level structure k' is given by 

k' = £ m o k o m _1 . 

Let denote the restriction of (L',<p') to M r (n). Let m denote the image 
of m under the reduction map A — ► A/n. As m + n = A, we see that 
m G (j4/n)*. Let </? be the restriction of (L', ip') to M r (n), then the action 
of m on the universal pair (99, A) on M r (n) is given by 

m : (ip, A) 1— > ((/?', £ m o A o 

This describes the action of m on M r (n). 

Let m C A be a non-zero ideal relatively prime to n, i.e., m + n = A. Choose 
m £ A such that (m) = mA and m = 1 mod n. We define the action of m 
on (y;, A) to be the action of (m): 

m : (99, A) 1 ^ (^,( m °A). 

This action is well-defined: the chosen element m is unique up to an element 
a G A* with a = 1 mod n. For such an element a we have cd r £ r(n). 
Consequently, m • I r and am • I r give the same element in G. 
Using this, we can define the action of Cl(-A) on M r (n). First note that 
by Lemma 16.41 we can represent every class in Cl(^4) by a non-zero ideal tn 
with m + n = A. Namely, suppose that m and m' are both non-zero ideals 
relatively prime to n which represent the same class in C1(j4), then there is 
an element x € K* A with m = xm' . Let m,m' 6 A be elements which define 
the action of m and m', respectively. Then there is an element a E A* with 
a = 1 mod n such that ml = xam with xa ■ l r £ K* A ■ T(n). Therefore, (m) 
and (m') give the same element in G. 

Remark 3.3. These considerations also imply that 

G = Cl(A) x GL01/tt)/F*. 

Remark 3.4. Let us once more stretch that we use the convention that the 
action of a G Gl r (A/n) on M r (n) is given by 

a : 0,A) — > (tp,\oa). 

So G = Cl(A) x Glr(A/n)/F* acts on M r (n) on the right. 
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3.2. Assumptions in this paper. In this paper we will make the following 
two assumptions. 

(1) Throughout this paper we will assume that n = (/) is a non-zero, 
proper, principal ideal. This simplifies the description of the Tate- 
Drinfeld module. Dropping this assumption does not seem to give 
rise to different results. 

If m C A is a non-zero proper ideal containing /, then by the pre- 
vious, we see that M r (n) = M r (f)/G where G is given by dividing 
out the action of the kernel 

ker(GL(A//A) — ► Gl r (A/n)). 

(2) We will not consider the moduli problem over A-schemes, but over 
Ay-schemes S, i.e., / is invertible in S. This implies that / is away 
from the characteristic of (L,tp)s- This assumption is used because 
the Weil pairing plays an important role in our description, and the 
Weil pairing is in ^2] only defined for /-torsion which is away from 
the characteristic. 

This assumption implies that a level /-structure is an isomorphism 

\:(A/fA) r ^Kp\f](S). 

So in this paper we will be considering the moduli problem 

T r (f) : Af - Schemes — ► Sets 

which associates to each Aj-scheme S, the set of isomorphy classes of Drin- 
feld modules of rank r with full level /-structure over S. We write M r (f) 
for the scheme which represents J- r (f). It follows from the proof of Theorem 
13. II that the moduli scheme M r ( f) is a fine moduli scheme if / ^ 1. 

Throughout this paper we will write Spec(-R) = M 1 (/). The ring R is 
regular and M 1 (/) is connected. In fact, R is the integral closure of Af in 
a field extension of Ka- The Galois group of Kr/Ka is the group 

G ^ (A/fA)*/W* x C1(A) 

that we discussed above; cf. Section 8 in 0. 

4. The Weil pairing on the modular schemes. 

In this section we will show that the Weil pairing for Drinfeld modules over 
an Aj-field K as defined in the previous paper gives rise to the following 
theorem: 

Theorem 4.1. The Weil pairing induces an Af-morphism 

w f :M r (f)^M\f). 
The Weil pairing is Cl(A) x Gl r (A/ fA)-equivariant. 

Let (y?, A) be a Drinfeld module ip of rank r over K with level /-structure. 
The Weil pairing is an j4//A-isomorphism 



w f : A r <p[f](K) ^m(K) 0A 



®r-l 
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It is unique up to a unique isomorphism of ip. Once and for all we fix a 
generator co of the A/fA- module Oj. This gives an A/fA- isomorphism 

w f :A r M(K) J ^^[f](K). 

The level /-structure A induces a canonical isomorphism 

A r A : A r (A/fA) r ^> A r ip[f](K). 

Because A r (A/fA) r is canonically isomorphic to A/fA, ip comes equipped 
with a level /-structure fi over K via the following commutative diagram: 

A T (A/fAY A'<p\f\(K) 

Wf 

A/fA vmw- 

Note that if £ is an isomorphism between ^ and then also the pairs 
(ip,n) and (tp',fi') are isomorphic via £. Here /i and // are defined by the 
previous diagram by ip and ■0' respectively. So the pair (0, fj,) is unique up 
to isomorphy. These considerations show the following: 

Lemma 4.2. The Weil pairing gives for all A t -fields K rise to a map 

w K :M r (f)(K)^M\f)(K). 

This map depends functorially on K . 

Proof. The construction of the map wk is described above. It associates 
to each isomorphy class (</?, A) of rank r over K a unique isomorphy class 
(0,//) of rank 1 over K. That this map depends functorially on K follows 
immediately from the construction in terms of ^4-motives. □ 

From this lemma, we proceed as follows to prove the existence of the map 
w f . 

Proof of Theorem \4-l\ Let (</?, A) be the universal pair over M r {f). The 
moduli scheme M r {f) is affine and regular over Spec(Aj). So we may write 

n 

M r (/)-]JSpec(^) 

such that each Si is an integrally closed domain of relative dimension r — 1 
over At. Moreover, from Drinfeld's description we know that 

Af 1 (/) = Spec(ii) 

where R is an integrally closed domain. Let Kg t be the quotient field of S{. 
Lemma 14.21 gives rise to a unique isomorphy class 

ftM €M\f)([[K Si ). 

i 

This means that there exists a unique A f -ring homomorphism 

3 
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Hence, the theorem follows if we can show that h(R) C J} • Sj. 

Let p € Spec(5j) be a closed point of height 1. By Lemma [4.31 it follows 

that there is a map Spec^p) — > M 1 (f), inducing the map 

Spec(i^sv) — > M 1 {f). 

Consequently, 

h(R) n K Sj C S jiP . 

As Sj = ripS^M where the intersection runs over all primes of height 1 in Sj, 
one has h(R) D K Sj C Sj. 

For the Cl(A) x Gl r ( J 4// J 4)-equivariance of Wf, note that the G\ r (A/ f A)- 
equivariance is obvious. Let m C A be a non-zero, proper ideal with /0m 
representing an element in C1(j4). For the Cl(j4)-equivariance we recall 
its definition in the previous section. Using the notations of the previous 
section, we see that the action of m on (ip, A) is given by 

(cp,X) ^ (y,£m° A), 

with £ m tp a = (faCm for all a & A, Let (ip, fi) be the image of (ip, A) under 
the Weil pairing, and let (ip' , //) be the image of (p',(, m ° A) under tuy\ Let 
F = Y\ i K$ t - The isogeny ^ m induces an isogeny Cm : ip — ► fp'- The kernel 

of Cm is 

ker(Cm)(F) = A r ker(£ m )(F) = A r <p[m](F) = V[m](F). 

Therefore, the action of Cm ° n coincides with the action of m on ip. So we 
have 

m : (ip, n) i y (ip', Cm o n) = {ip', fi'). 

□ 

Lemma 4.3. Let S be a regular local A f -ring, let K$ be its quotient field, 
and let (ip, A) £ M r (f)(S). The unique class (ip,^) £ M 1 (f)(Ks) associated 
to ((p, A) by the Weil pairing comes from a unique class (ip',fx') £ M 1 (f)(S) 
via the canonical embedding S — > K$- 

Proof. Via the ring homomorphism S — ► K$ we may view the pair (tp, A) 
over K~s, and we can associate via the Weil pairing a pair (ip,fJ,) of rank 1 
over K$- We want to prove that there is a representing pair in the isomorphy 
class of (ip, (j) which is defined over S. 

Let V be the set of all height one primes of S. The ring S is a UFD; cf. 
Theorem 20.3 in [T7] . Consequently, every p £ V is of the form p = (hp) 
for some irreducible hp £ S 1 ; cf. Theorem 20.1 in ^Fj\. Let Vp denote the 
valuation at p. The invertible elements of S are given by 

S* = {s £ S | vp(s) = for all p £ V}. 

Let Sp denote the local ring of S at p. This is a discrete valuation ring. 
As the /-torsion of ip is i^g-rational, it follows that ip has good reduction 
at every p £ V. This implies that for all p £ V there is an element Xp £ K$ 
such that XpipXp 1 is a Drinfeld module of rank 1 defined over Sp. In fact, 
we may assume x p = h^ for some m p £ Z. 

There are only finitely many m p 7^ 0, as we show below. So we can define 
x = YipeV ^p P • ^ ne P a ^ r (xipx -1 ^^) is defined over 5. So this is the pair 
that we are looking for. 
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To see that there are only finitely many m p 7^ 0, let a E A\F q and consider 
the leading coefficient c of ip a . Under the isomorphism Xp, the leading co- 

efficient becomes x p a As Vp(c) = for all but finitely many p's, it 

follows that rrip = for all but finitely many p's. □ 

Proposition 4.4. The morphism Wf induces the maps wk for any A f -field 
K, where wk is as in Lemma \4.^\ 

Proof. By the functoriality in K of the maps wk, it suffices to prove the 
statement for algebraically closed fields K. So let K be algebraically closed 
and let 

C : Spec(K) — > M'\f) 
be a geometric point of M r (f). If £ is a generic point of one of the connected 
components of M r (f), then Wf induces w-^ by construction. If £ is a closed 
point we have to do something more. Clearly, £ factors over Spec(A^) where 
fc^ is the residue field at (the image of) £• To see that Wk ( and consequently 
wj£ is induced by Wf, we have to dive into the language of A-motives a little; 
cf. Q2|. 

Let V = Or, then V is a regular local Aj-ring and let (<p, X) be defined over 
V of rank r. Let Ky be the quotient field of V. Then the construction of 
^4-motives associates to ip the Drinfeld module tp of rank I for which 

M(iP) ^ A r M(cp). 

By Lemma l4.3| the pair (ip,fJ>) is also defined over V. Because (p is defined 
over V, it makes sense to consider M°(ip) = V{t} with the obvious V{t}(8>f 9 
A-action such that 

M°(ip) ® v K v = M((p). 
Similarly, we can define M°(ip) because ip is defined over V. Clearly, 

*K V 9AM(<P) = Ky ®y A v ® A M°(<p). 

Consequently, the Ky{r} ® ^-isomorphism 

M(V>) = A r M(ip) 

comes from a ^{t} (8) ^-isomorphism 

M°(V) = Av8aM°(<p). 

This construction can be reduced modulo the maximal of V. This gives us 
the construction of Wk ( - Therefore, wj induces wj^. □ 

5. Drinfeld modules of rank 2 with stable reduction of rank 1 

For this section we fix the following notation. Let V be a complete discrete 
valuation ring which is also an j4j-algebra. Let Ky be the quotient field of 
V, and let tt € V be a generator of the maximal ideal of V. Let v(x) denote 
the 7r- valuation of x for every x € V. 

Definition 5.1. Let ip be a Drinfeld module of rank r over Ky, then ip 
has stable reduction at v of rank r' if cp is isomorphic over Ky to a Drinfeld 
module <p' over Ky such that for all a E A each coefficient /3j (a) of the 
sum y?^ = ^/3j(a)r l is an element of V and the reduction <p>' mod 7rF is a 
Drinfeld module of rank r' over V^/7ry. 
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The Drinfeld module p has potentially stable reduction at v of rank r' if 
there is a finite field extension L of Ky and a valuation w of L extending v 
such that p has stable reduction at w of rank r'. 

Let p be a Drinfeld module of rank 2 over ify with full level /-structure A 
over Ky such that ip has potentially stable reduction of rank 1. The goal 
of this section is Theorem 15.81 which describes the pairs (p>, A) in terms of 
Drinfeld modules of rank 1 and lattices. 

Lemma 5.2. Let p be a Drinfeld module with Ky -rational f -torsion. If p 
has potentially stable reduction at (tt), then p has stable reduction at (tt). 

Proof. As p has potentially stable reduction, there is an element k G Q such 
that for all x G Ky P with v(x) = k we have the following: p := xpx^ 1 is a 
Drinfeld module, <p a has all coefficients in V for all a G A, and <p mod ttV 
is a Drinfeld module over V/ttV. Cf. Section 4.10 in [H|. As / G V* , it 
is not difficult to see that k is the smallest slope of the Newton polygon of 
jfPf(X). Therefore, 

k = max{v(a) | a G p[f](K v )\{0}}. 

As the /-torsion of (p is ify-rational, we have k G 7L. Therefore, we may 
choose x G Ky. □ 

To abbreviate notation, we introduce the following two properties P and P' . 
Let x be a Drinfeld module of rank r over Ky. 
P(x) '■ X has stable reduction of rank 1. 

P'{x) '■ X has stable reduction of rank 1, \a has all coefficients in V for all 
a£A<md X [f}(V)=A/fA. 

Suppose that k is a level /-structure of x over Ky. If r = 1, then P'(x) 
implies that (x,k) is defined over V. 

By Lemma 15.21 we have P(p) for the pair ((/?, A). Therefore, we may assume 
that p a has all its coefficients in V for all a G A. Moreover, we have that the 
smallest slope of the Newton polygon of pf equals v(pj) = 0. Consequently, 
p[f](V) = A/fA. So in the isomorphy class of (p, A), there is a representing 
element (p, A) with P'(p) and this element is unique up to V*. In fact, 

bij 

(2) {(p, X) Kv wiih P'(p)}/V* - {(p, A)^with P(p)}/K v . 

Note that the Weil pairing equips V with an i?-structure. The isomorphy 
class of (p, A) is induced by an ^y-morphism Spec(Ky) — > M 2 (f). Com- 
posing this morphism with wj gives rise to an A f -linear ring homomorphism 
R — > Ky . As R is integral over Af , it follows that this ring homomorphism 
gives an yl^-linear ring homomorphism h : R — > y. 

5.1. Drinfeld's bijection without level structure. To classify the iso- 
morphy classes (p, A) with stable reduction of rank 1, we recall Drinfeld's 
classification of Drinfeld modules of rank 2 with potentially stable reduction 
of rank 1; cf. Proposition 7.2 in [3]. 

An A-lattice of rank 1 in Ky P is a projective ^4-module of rank 1 which 
lies discretely in Ky P and which is invariant under the action of Gk v '■= 
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Gal(Ky P /Ky). Two A-lattices Ai and A2 are called isomorphic if there is 
an element x € (Ky P )* such that xA\ = A2. Then Drinfeld's result states 
the following: 

Theorem 5.3 (V.G. Drinfeld). There is a bijection between the set of iso- 
morphy classes over Ky of Drinfeld modules of rank 2 over V with poten- 
tially stable reduction of rank 1 and the set of isomorphy classes over Ky 
of pairs (ip, A), where ip is a Drinfeld module of rank 1 over V and A is an 
A-lattice of rank 1 inside Ky P . 

Sketch of the proof. Applying Proposition 5.2 in to the ring V n = V/(v) n 
with n G Z>i gives us the existence of unique elements s n € V^{r} such 
that SnifaS^ 1 is in standard rank 1 form over V n . Moreover, each s n has the 
form 

k'n 
8=1 

Let s = lim s n , then s is an element in ^{{t}}, the set of skew formal power 

series in r over V. In the proof of Proposition 7.2 in Drinfeld shows that 
the homomorphism s is in fact analytic. One has by construction 



V{T l with V{ € 
i>l 



This implies both that A := ker(s) is contained in Ky P . Moreover, each 
element in A\{0} has strictly negative valuation. 

Let ip' = sips -1 , then tp' mod (v) = ip. We get the following diagram, which 
is commutative for all a € A: 



(3) 



where 



A ► K^ 



Pa, 



A ► K^ p K^ p , 



eA(z) = z J] (l-£)= s (z). 

agA\{0} 

Let a G ^4\F g , then i/j^A is mapped surjectively to <p[a], hence if) -1 A/ A = 
(A/aA) 2 as A-module. On the other hand, the kernel of the surjective map 

V^A/A — » A/^A 

is isomorphic to ip[a](Ky P ). So we may conclude that A/ip a A = A/aA. This 
implies that A is a projective yl-module of rank 1. We already saw that A 
consists of elements with strictly negative valuation, hence A lies discretely 
in Ky P . Finally, for any element a G Gk v , we have a o s(z) = s o a(z), 
hence A is Gk v -invariant. We conclude that A is an ^4-lattice of rank 1 in 
K^ p . ' □ 
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5.2. The bijection with level /-structure. Let (tp un ,fi un ) be the univer- 
sal pair of rank 1 defined over R. We will assume that /x un (l) = 1, which is 
possible because / is invertible in R. Drinfeld's construction in Theorem l5.3l 
lifts the rank 1 Drinfeld module <p mod ttV to a unique Drinfeld module ip 
of rank 1 defined over V . Also, the /-torsion of ip is V-rational. We would 
like to equip ip with a natural level /-structure \i which comes from A. For 
this we use the ring homomorphism 

h:R — > V 
which arises from the Weil pairing. 

Suppose that ip is equipped with a level /-structure p,, then the isomorphy 
class of {ip,fi) comes from an Ay-linear ring homomorphism 

h : R — > V, 
i.e., there is a unique element v € V* such that 

The pair (h,v) uniquely determines (ip,p,). 

As R is integral over At, there exists an Ay-automorphism 

g u : R — > R 

with gfx € G = Ga\(R/Af) such that h = ho g^. We described this Galois 
group in Section |21 

G = Cl(A) x (A/fA)*/¥* q . 

So the element is given by a pair (m, a) G Cl(A) x (A/fA)*/¥*. 

If we have another level /-structure //, then \j! = a/2 for some a € (A/fA)* 

and we see that 5^ corresponds to the pair (m, aa). 

We equip ip with the level /-structure /i such that g^ is given by the pair 
(m, 1). More specifically, let ha := h o g„. Let v & V* be an element with 
vipv -1 = h(ip un ), then this element v is unique up to ¥*. Let (ip,n) be the 
pair determined by (h,v). 

The pair (ip,fi) that we obtain in this way is unique up to F* In particular, 
the isomorphy class of (ip, /j,) is uniquely determined in this way. 

Remark 5.4. To make the choice of an element in F* in the above construc- 
tion 'visible', we consider the set of elements z in (p[f](Ky)\(p[f](V) with 

ffl/ (z,e A (Ml)))eF;. ffl/ (A(l,0),A(0,l)). 

The set of these elements equals F* • z' where z' is any element in this set. 
Fix one of those elements z. We can now equip ip with the unique \x such 
that 

w f (z,e A (fi(l))) = W/ (A(1,0),A(0,1)). 
In this way we can associate to a triple (ip, A, z) a unique triple (ip, fi, A). 
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Our next goal is to prove Theorem 15.81 Drinfeld's construction gives an 
A-lattice A of rank 1 such that the pair (ip, A) determines p and vice versa. 
As in Drinfeld's proof, we can consider ip a as a map 

for every a G A. Because / G" ker(^4j- — > Ky), it follows that all roots of 
the equation ip a (X) = a lie in Ky P for all a € A. And thus we have 

(^ / )- 1 A c K s v ep , 

as in Drinfeld's proof. 

Lemma 5.5. If the f -torsion of if is Ky -rational, then (ipf)~ 1 A C Ky. In 
particular A C Ky. 

Proof. Cf. Lemma 2.4 in pQ. By definition A is invariant under Gk v - 
Consequently, also (ipf)~ 1 A is invariant under Gk v as the coefficients of 
tpj lie in V. In fact, the action of Gk v on (ipf)~ 1 A splits according to the 
following splitting exact sequence of A- modules: 

o — ► m(K V ) — > (^ / )- i a — ► ((V/)- 1 ^ — ► o. 

The A-module ((^/)~ 1 A) pro j is the projective part of (ipj) A, which is 
isomorphic to A. 

By Drinfeld's construction there is an analytic map e\ with the commuting 
property as in diagram © , and this map commutes with the action of Gk v ■ 
Moreover, via this map <p[f] is isomorphic to (ipf)~ 1 A/ A. By the assumption 
that <p[f] is .fCy-rational, it follows that Gk v acts trivially on ('0/) _1 A/A 
and thus on ip[f]. The latter fact implies that the only action of Gk v on 
(V ; /) _1 A is on the projective part of (ipf)~ 1 A, hence this action gives a 
subgroup G of Gli(yl) = F* On the other hand, this subgroup G maps 
injectively into Aut J 4((t/ ; /) _1 A/A). But Gk v acts trivially on (ipf)~ 1 A/ A, 
hence G is trivial. □ 

So we see that we can associate to a pair (ip, A) with P'{p>) a triple (ip, fi, A) 
such that (ip, fj) is defined over V and A is an A-lattice with ('0j) _1 A C Ky. 
This triple is unique up to F*. I.e., the pair (ip, A) determines a unique 
element in {(^, A, /x)}/F*. 

Note, however, that the level /-structure A is not the unique level structure 
such that (cp, A) is mapped to this unique element in {(ip, fj,, A}/F*. In 
fact, if a G Gh(A/fA), then (ip, A o a) ^ {(^, /x, A)}/F* if and only if 
det(a) G F*. This is due to the fact that the Weil pairing is Gh(A/fA)- 
equivariant. Therefore, if one changes A by a, then the morphism h induced 
by the Weil pairing Wf changes by det(er). Consequently, the triple (ip, A, fj) 
changes by det(cr). Let E denote the subgroup of G\.2(A/ f A) given by 

S = {a G G\ 2 (A/fA) | det(a) G F*}. 

The previous shows that the map 

{(^,A)}/£^{(V^,A)}/F* 

is injective. 
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Remark 5.6. Again, once we have chosen an element z as in Remark l5.41 we 
get an injective map 

{(ip, A, z)}/Sh(A/fA) — ► {(V, fJ,, A)}. 

On the other hand, let a triple (ip, /j,, A) be given. We show that there exists 
a pair (</>, A) such that under the above construction (ip, A) is mapped to the 
class {(V,^,A)}/F*. 

The triple M, A) gives rise to the following: 

(1) a morphism fa : R — ► V which induces (ip,li) on V; 

(2) the pair (ip, A) gives a Drinfeld module 93 of rank 2; 

(3) as the /-torsion of ip comes from (^j) _1 A/A, the /-torsion of ip is 
.ffy-rational, and thus 99 has P' (ip). 

We equip 93 with a level /-structure as follows: define A(0, 1) := e\(n(l)) 
and let A(1,0) = z for some element z G </?[/] (Kv r )\(/?[/](F). Any 2 gives 
rise to a ring homomorphism h z : R — > V induced by the Weil pairing Wf. 
As before, there exists an Ay-automorphism g z of R with ho g z = h, and g z 
is given by a pair (tit, cr) G C1(A) x (A/fA)*. We choose an element z for 
which <t is the identity. As before, z is unique up to a choice of F* Clearly, 
the pair (ip, A) is mapped to the class {(ip, fi, A)}/F*. 
This shows that we have a bijection between the set 

{all pairs (ip, A) with P'(ip)}/Y, 

and the set 

{all triples (ip,fi,A) with (ip,n) over V and (-0/) _1 A C K v }/¥*. 

Remark 5.7. Similarly, the above argument shows that the injective map of 
Remark 15.61 is a bijection. 

This bijection can be rephrased in terms of isomorphy classes of pairs (ip, A) 
and triples (ip, 11, A) as follows. We say that a triple (ip, fi, A) is defined over 
V if the pair (ip,[i) is defined over V. Two triples (ip,n,A) and (ip' , //, A') 
over V are called isomorphic if there exists an element v £V* with 

t>/i, vA) = (ip',n',A'). 

Note that 

bij 

(4) {(ip,fj,,A) over ^ {(ip,fi; A)K V }/Ky. 

Moreover, if v G V*, then 

u : (ip, A) 1— > (u(/3f _1 ,uA) 

and 

v : (ip,n,A) 1— > (f t/'w" 1 , w/i, f A). 

Dividing out the action of V* and considering the bijections (j2J and 
gives the following theorem. 

Theorem 5.8. Let S = {c G G1 2 (A//A) | det(cr) G F*}. T/iere is a bijection 
between the following two sets: 
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(1) Isomorphy classes of pairs (92, A) over Ky modulo £ where (p is a 
Drinfeld module of rank 2 with stable reduction of rank 1 and X is a 
full level f -structure over Ky. 

(2) Isomorphy classes of triples (rf),fi,A) over Ky, where ip is a rank 1 
Drinfeld module over Ky, fj, is a full level f -structure over Ky and 
A is an A-lattice of rank 1, such that (ipf)~ 1 A C Ky. 

Proof. This theorem follows from the bijection that we have given above. □ 

6. Tate-Drinfeld modules 

We follow the approach of P] 2.2] and |21j to construct the Tate-Drinfeld 
module of type m. The Tate-Drinfeld module describes the formal neigh- 
bourhood of the cusps of the moduli scheme. At the cusps the universal 
Drinfeld module with level structure degenerates into a Drinfeld module 
with stable reduction. Therefore, to define the Tate-Drinfeld module, we 
use the description of the stable reduction modules as given in the previous 
section. 

Let (ip, be the universal Drinfeld module of rank 1 with level /-structure 
over R. Because / is invertible in R, we may assume that the generator 
of the /-torsion of ip is an invertible element in R. So we may and will 
assume that /x(l) = 1. Then by push-forward via the embeddings 

R — ► R\x\ — ► R{{x)) 

one has a Drinfeld module of rank 1 with level /-structure on both R\x\ and 
R([x)). For an element y = Yli>k r * a; * ^ R(( x )) with 7^ 0, k € Z, we define 
its valuation v x (y) to be the x- valuation considered as element in K R ((x)), 
and v x (y) = k. 

To construct a Drinfeld module of rank 2 over R((x)), we first construct a 
lattice A m C Kr([x)), where m C A is an ideal. This lattice turns out to 
depend only on the class of m in the class group of A. As before, we can 
consider ipf as a map 

V7 : K R ((x))^ — K R ((xTP. 

The lattice A m will be constructed in such a way that (V ; /) _1 A m C Kr((x)). 
Applying Theorem 15.81 to (ip,fi,A m ) will give us the Tate-Drinfeld module 
<p. 

6.1. The construction of the lattice. Let m C A be an ideal. To prepare 
the construction of the lattice, note the following: 

1. There is a unique monic skew polynomial P G Kr{t} with minimal 
degree such that 

ker(P)(K^) = ^[m](K^). 

In fact, P € R{t} because the elements in ker(P)(Z^ p ) are integral over R 
and R is integrally closed. 

2. Because Af <—* Kr, the extension Kn{ip\m\)/Kn is Galois. Moreover, 
because V'[m](-K'/j P ) = A/m, there is an injective representation 

Gai{K R (il>[m])/K R ) — (A/m)*. 
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So the Galois group of this extension is a subgroup of (A/m)*. 

3. The field K R (^[m])((y)) is the splitting field of the equation P(±) = \ 

over K R ([x)). Then 

K R Wm])((y))/K R (il>[m])&x)) 

is a Galois extension which is totally ramified and its Galois group is iso- 
morphic to A/m. The Galois action is given by y i— > y + a with a G 
i>[m](K R &[m\)). 



Let Z be the following j4-module homomorphism: 

I : f- x A ^ K R y>[m])((y)) by f^a » ^ 
We use Z to define the lattice A m . 

Lemma 6.1. The A-module Z(/ _1 m) lies inside R([x]). 

Proof. For every m G m, there exists a skew polynomial Q G ^{ r } such that 
■0m = Q ■ P. Note that we use here that one has division with remainder in 
the skew ring R{t}, b ecanse the leading coefficients of both P and. ipm &re 
in Consequently, m (±) = Q(±) G #((x)). □ 

Remark 6.2. Let mi,rrt2 generate m, then there are elements G -R{ r } 
with Qi o P = ip mi . We will use this in the following a few times without 
further mentioning it. 

Define the lattice A as follows: 

A := Z(m), then (V/) _1 A = Z(/- 1 m) + 0[/](i?) C 

Lemma 6.3. The lattice A onZy depends on the class of m in Cl(^4). 

Proof. Suppose that m' C A is another ideal representing the same class 
as m in Cl(A). Then there exist elements b,b' £ A with b'm' = bm. So 
we may reduce to case where m' = 6m for some b £ A. The extension 
K R (ip[m'])/ K R (ip{m\) is given by adding the roots of the polynomial 06 (X) 
to K R (ip[m]). The extension 

K R ^[mW))/K R ^[m'])m 

is given by adding the roots of the equation i^bi^r) = ^- It is not difficult to 
see that m and m' give the same A. □ 

By this lemma it makes sense to talk about the type m in C1(A) of the 
lattice. We will denote m for both the ideal in A as for the ideal class in 
C1(A). Moreover, this gives us some freedom in choosing m to construct a 
lattice of type m: 

Lemma 6.4. Let a, m C A be non-zero ideals, then there is an element 
x G K~a, the quotient field of A, such that xm + a = A. 

Proof. By Proposition VII. 5. 9 in 2 , there is an element x G K~a with 
Vp(x) = — Vp(m) for all primes p C A dividing a and Vp(x) > for all 
other primes p of A. Consequently, xm C A, and there is no prime ideal p 
of A dividing both xm and a. □ 
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This lemma shows that we can choose a representative m of the class type 
[m] of the lattice such that this representative is relatively prime to some 
chosen ideal a C A. This gives some help in technical parts of some proofs 
later on. 



We write A m for the lattice A of type m that we constructed above. Note that 
Kr((x]) is the quotient field of the complete discrete valuation ring /^Jx]. 
By the constructions in Section and Theorem l5.81 we may associate to the 
triple (ip,fi,A m ) a unique Drinfeld module if of rank 2 over Kr((x)) with 
stable reduction of rank 1. Moreover, the /-torsion of (p is i^R((x))-rational. 

In fact, 99 is a Drinfeld module over R((x)), as we will now show. Using 
Theorem 15.31 the corresponding exponential map is 



z 

1 

a 



c*6A m \{0} 

and (p is determined by the following diagram, which commutes for all a € A: 



(5) 











A n 



Kr((x)) 
Kr((x)) 



K R ((x) 



KrIx) 



Note that by construction A m C R((x)), each non-zero element of A m has 
negative x-valuation and the leading coefficient of this non-zero element is 
in R* . Consequently, the map e\ m (z) = 1 + Yli>i s i z% nas au ^ s coefficients 
Si £ Rlxi. So its inverse exists in i?[x][z] and 



"0a 



e\ m (a) 



a • u 



Therefore, (p a has its coefficients in R{xJ for all a € A. 

Lemma 6.5. The ring homomorphism (p is a Drinfeld module over R([x)). 

Proof. We only need to prove that the leading coefficient of (p a is an element 
of R((x))*. To prove this, we simply copy the computation of Lemma 2.10 
in [T]. Note that 

(p a (z) = az ] [ (l- 

ae((Va)- 1 Am/Am)\{0} ^ 

So we need to show that 

(*) n ( a ) 

ae((Va)- 1 A m /A m )\{0} 

with u £ R((x))* 

Every a G ((0 a ) _1 A m /A m )\{O} which is not in tp[a] can be written uniquely 
as a = «i + tt2 where ct\ runs through ip[a] and 02 runs through a set of 
representatives in ip~ 1 A m /A m of the non-zero elements of (V ; a) _1 A m /(A m + 
-0[a]). This set is denoted by S±. The remaining elements a can be written 
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as « = «i where a\ runs through ■0[m]\{O}. This set is denoted by Si- 
By definition 

e A m (a) = a Yl ( 1 - % ) ■ 

/3eA m \{0} V PJ 

Using the rule 
we see that 

n*.w-n («.<<*> n {^^) 

Si « 2 ^o \ /3eA m \{0} v H 7 , 

This is in fact an element in R([x))* , which can be seen as follows. Clearly, 
7^ ^ a {oti) £ A m , so this element is in R((x))*. Moreover, the element 
ipaift ~ a 2) G A m cannot be 0: if it were 0, then any representative of ai 
would lie in (3 + ip[a] C A m + ip[a], i.e., the class a<i = 0, contradicting the 
definition of the set Si. So also ip a (P — oti) S R((x))*. Finally, for almost all 
(3 we have that 

P#A/(a) fc "FJ • 

So the product exists, and 

He Am (a)eR((x))*. 

Si 

On the other hand, using the rule 

aieS 2 

and recalling that /i(0) = a, we see that 

ii e A.»= a - n ( ^a/w-i ) ' 



5 2 /3GA m \{0} 

I 



with each fl# ^?2)-i is in 
Finally, 

n e A m (a) = n (°) • n eA - w • 

ae((Vo)- 1 A m /A m )\{0} Si S 2 

This finishes the proof. □ 



From the construction of the Drinfeld module tp with 6* over R((x)), com- 
ing from the triple (ip, A TO ), we can deduce at once the following list of 
properties: 

(1) ip : A — ► i?[x]{r} is a ring homomorphism; 

(2) the /-torsion of ip is i?((x))-rational; 

(3) there is an isomorphism 

A/fA^^[f]{R\x\) 
given by 1 ^ e Am (^(l)). 
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(4) ip mod a?i2[x] = ip, because eA m (z) mod xi?[x] is the identity map. 
As in Section 03 the triple (ip,n,A m ) induces on ip a level /-structure A with 
A(0, 1) = eA m (/-t(l)) and A(1,0) is determined up to F* by the Weil pairing. 

In this way, we get for every element m G C1(A) a pair (ip m , A m ). The action 
of a G G\2(A/ fA) on this pair is given by 

The action of the class group of A is described in the following lemma. 
Let n G C1(.A) and let g n denote the A f -linear automorphism of R which 
describes the action of n on R. Let A n -i m denote the lattice of type n _1 m. 

Lemma 6.6. The element n maps the triple (il>,n, A TO ) to the triple 

(5n(V'),5n(^),5n(A n -i m )). 

Proof. We choose representatives m, n C A of the classes of m and n in Cl(^4) 
such that n _1 m C A, and n and m are relatively prime to /. 
Write ip = <p m . The action of n on ip is given by a unique monic skew 
polynomial Q with minimal degree such that 

ker(Q)(^((x)) se P) = rtn](K R ((x)rv). 

Let ip 1 be the image under Q: 

Q , 

if — up. 

Writing A m = l(m) as before, it is not difficult to see that 

ker(Q o e Am )(K R ((x)m = /(n^m) + ^n](A^((*)) sep ). 

The action of n on R, denoted by g n , corresponds to a skew polynomial 
P G R{t} with ker(P)(A^ ep ) = ip[n](K^ p ). Let A' be the lattice given by 

A':=Po ker(Q o e Am )(K i? ((x)) scp ) = P o l^m) 

= {9n(^fa)P(-) I a G n^m}. 

Then A' = j n (A r i m ), and it is not difficult to see that if' corresponds to 
the pair (g n (ip) , g n (A n -i m )) . □ 

As a corollary to this lemma, we see that n maps ip m to g n (f n lm )- As the 
definition of A m and A n lm depend on a choice of F*, we cannot say that 

n maps (p m , A m ) to (tf n lm , A" lm ). Bearing this in mind, we propose for 
every type m the following definition of the pairs (i^,A^). For m = A 
we define (</?^,A^) := ((/? m , A m ). This pair is unique up to F* For the rest 
of this paper we keep this choice is fixed. In general, m _1 gives rise to an 
automorphism g m -i of R. We extend this to an automorphism of R{x\ by 
letting it act trivially on x. We define (ip^ , A^) to be the image of {f 1 ^, X^) 
under m _1 . 

Definition 6.7. The pair (</j^,A^) is called the standard Tate-Drinfeld 
module of rank 2 and type m with level f -structure. A pair (tp^, A), where 
A is any level /-structure over R((x)) is called a Tate-Drinfeld module with 
level f -structure. 
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The pairs 

Mr 1 ,^) with £ e all belong to the same isomorphy 

class (tp^,\). Every isomorphy class of Tate-Drinfeld modules with level 
/-structure comes from a unique morphism 

Spec(i?((x))) — > M 2 (/). 

Because we always assume that = 1, the pair (Vm>^m) ^ s fi xe d in 

its isomorphy class. For every A there is a unique a € G\i(A/fA) with 
A = Aj^ o a. Therefore, the pair (<p^, A) is fixed in its isomorphy class. 

7. The universal Tate-Drinfeld module 

In this section we introduce the universal Tate-Drinfeld module. This is a 
scheme Z consisting of the coproduct of a number of copies of Spec(i2[x]) 
and which is equipped with a Tate-Drinfeld structure (<^ td ,A td ). Let N C 
G\ 2 (A/fA) be the subgroup 

N -(*S A /f A 

Choose representatives a\,...,a n of the cosets of Nai in Gl^A/ f A) and 
let a 1 be the identity. As det(iV) = (A/fA)*, we may assume that the 
representatives Oi are elements of SI2 (A/fA). Set 

Z = Spec ( Rlxj {m>ai) ) , 
\(m,CTj) / 

The pair ((p td , A td ) is the Drinfeld module ip td of rank 2 with level /-structure 
A td over Spec I © R((x))r mj(7i ) I such that the restriction of (ip td , A td ) to 

R((x))(m,a t ) is equal to (<p*£, X td o crj) for every pair (m, cij). 

Definition 7.1. The universal Tate-Drinfeld module of rank 2 u>ii/i Zeue/ 
f -structure is the scheme 2 together with the pair (</? td , A td ). 

Remark 7.2. As before, a pair (m, <7j) £ C1(j4) x Gl2(A/ f A) determines a 
unique action on (tp^, A^). And by definition we have 

(^ m d ,A t m d o fTi ) = (m- 1 ,a i )(^ d ,A t A d ). 

The action of Cl(^4) x Gl2(A/ fA) on the universal Tate-Drinfeld module is 
given by this action of (m, Cj) and the fact that N acts trivially. 



Clearly, we would like to have a certain universal property for this universal 
Tate-Drinfeld module. The weak versions of this universal property that we 
need can be found in Theorems 17.81 and 17.41 In Proposition 17. ^1 the main 
work is done for Theorem 17.41 This proposition explains the subgroup N. 

Proposition 7.3. Let a € G\2(A/ fA). There exists an Af-linear ring 
homomorphism h a : R{xJ — ► R{xJ such that 

M^O^) = A^ o a) 

if and only if a £ N. If a & N, then h a is given by det(cr) : R — ► R 
and xwfe for some 5 € Moreover, for any a £ N the image of 

(<^m j a i) un der h a is isomorphic to (ip^, A^ 1 o a o ai). 
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Proof. We write a = (o~ij). First suppose that h a exists. Because h a is 
determined by det(<r) and h a (x), it must respect the ordering of the re- 
valuation. This implies that /i CT (A(l,0)) must have minimal negative valua- 
tion and h a (\(0, 1)) must have valuation 0. Hence the only it's whose action 
may come from an A f -linear ring homomorphism h a are a 6 N. This shows 
the 'only if. 

We prove the 'if'-part in two steps. Let a = (cjj) £ N. 

1. First suppose that a = f J ^ J with a S (A/fA)*. The action of a 

induces an action 

a = det(cr) : M l (f) — ► M 1 (/), 
i.e., there is an ^-linear ring homomorphism /i a : R — ► R such that 

(h a (il)),h a (p)) = (Z'lpC 1 ,^ 01 ) - /•"*), 
for some £ £ R* . We use the notations of Section H3 Recall that the element 



~ was used to define the lattice and that j = J c .n,\/ / 10 uic 

skew polynomial of minimal degree with 

ker(P)(^ cp ) = ^[m](K7). 

The map | i— > £- induces, by applying P, 

- ' ^ /i a (P)(C-) = (T 1 - for some 5" 1 € PM*. 
x y x 

To see this, note that MP) = C^" 1 for some £ € P[x]*. (In fact, £ is 
determined by the fact that h a (P) is monic.) 
The map h a is extended to a ring homomorphism 

h a : P[x] — ► R{xj, x h-> &c, ^cr(r) = /i a (r) Vr £ P. 

An easy computation shows that 

h a (A%)=£A t *, and thus h^) = fy^C 1 - 

Using that there is an element m £ m with A(1,0) = ^Atd (V>m(|))j we see 
that 

/ A(1,0) \ ( e $A ta(^ m (i)) \ _ / £A(1,0) 
^ V A(0,1) J V e ?Atm d(^(l)a) ; V eA(0,l)a 

And so indeed, 

M^m, A) = (frtf C 1 , £A o a) - (^ m d , A o CT ). 

2. Having dealt with the first case, we may assume that a £ N and det(c) € 
F*. As a consequence, the map h a that we are looking for is P-linear and 
in particular, if (ip,fJ,, A) is the triple associated to A), then h a (ip) = ip 
and h a (fi) = \i. 

As always, the action of F* • f J J J is trivial, so we may assume that 

(72,2 = 1- We first give a proof in the simple case A = A and then prove it 
for general A. 



24 GERT-JAN VAN DER HEIDEN 

i. Suppose A = A. Note that in that case, the elements e\(^) and eA(/-t(l)) 
generate the /-torsion of c^ td . In fact, there is a basis transformation 

•-(? t) A 

and with a\ t \ G (A/fA)*, cti j2 € A/fA. 

Let p = aaa' 1 , then p = ( Pl £ Pl f J with G F*, pi >2 G A//A We 
set 

r 1 = Pi,i+Pi j2 (/x(l))-xei?[a ; ]*, 
and we define h a to be the i?-linear map given by 

h„ : x i— > 5 • x. 

Because 

^z^ 1 -) = Pi,i^/(-)> 

a; x 

it follows that h a (A) = A, and thus h a commutes with e\. Moreover 

K(%j},n,A) = (ip,n,A). 

Therefore 

So h a commutes with the Aaction and with e\. To see what happens on 
the level structure A is now an easy computation. 

n ° \ A(0,1) )-^ a \ e A (p(l)) 

a ~ lp ( el(kl) ) =a { A(M) 
We conclude that 

/i CT (<p td ,A td ) = (<p w ,A td o<7). 

ii. In general, let A = m and recall the construction of A in Sectional Using 
the same notations as in Sectional let m G m be an element such that the 
image of ~ := tp m (^) and p(l) under e A generate the /-torsion of ip^. We 
let a be as in i, i.e., 

/A(1,0)W e A (I) 
a { A(0,1) J " V e A (/z(l)) 

and p = acra -1 . As in the previous case, we look for an h a such that 

1 . . . 1 

This can be done as follows. We start by assuming that m G (A/fA)* - we 
will show below that we may assume this in general. Let b G A such that 
b = m"Vi,2 G A// A Let 

1 1 

- ^ Pl.i- + W l ■ 

y y 

Applying P gives our candidate for /i^: 

- ^ (T 1 - with (T 1 = m i + P(V>&0(1))) • 
x x 
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By construction 

Note that all elements of A have the form ipfmQj)-, with m € m. And clearly, 

y y 

Because px t i G F* we see that h a (A) = A. 

We can conclude the proof in the same way as in the case of A = A. 
Finally, it remains to be shown that m, which we used to define - = ip m (^), 
is an element of (A/fA)*. By Lemma 16.41 we may assume that m and (/) 
are relatively prime. Furthermore, because - generates one direct summand 
of the /-torsion, one has G A if and only if b G fA, i.e., bm G /m if 

and only if b G fA. Consequently, (/) + (m) = A. 

The 'moreover'-part of the proposition is obvious. □ 

Using Proposition 17.31 we can immediately prove one weak form of the 
universal property of the universal Tate-Drinfeld module. 

Theorem 7.4. For every Tate-Drinfeld module (<^°,A) there is a unique 
ring homomorphism 

h: © R[x}(raf,<Ti) — 

such that 

^ td ,A td )-(^ d ,A). 

Proof. Let a G GhiA/ fA) such that o a = X and let G {a\, . . . ,a n } 
such that a G o^N ' . The map h is defined as follows: h is the zero-map on 
i?[x]( m / if m' ^ m in the class group of A or if ^ On i2|:r]( TO)0 . fc ) it 
is the map defined in Proposition 17.31 To show uniqueness, note that any 
j4j-linear ring homomorphism 

h:R[x}^ )<ri) ^R[x} 

induces on RfxJ a Tate-Drinfeld module whose corresponding lattice has 
type m'. Hence, any such ring homomorphism keeps the type of the Tate- 
Drinfeld module fixed. Moreover, if there is an ^4j-morphism 

R l x l(m,a t ) ► ^W(m,<7 3 ) 

which induces the Tate-Drinfeld structure, then there is a morphism 

and thus by Proposition 17.31 we see that o~jO~~ l G N. So Oi = <jj. □ 

7.1. The weak version of the universal property of Z. Let, as in 
Section [51 V be a complete discrete valuation A /-ring, let ir be a generator 
of its maximal ideal, and let Ky be its field of fractions. Let (cp, A) be a 
Drinfeld module ip of rank 2 over Ky with level /-structure A such that 
(p has stable reduction of rank 1 at it. In this subsection we discuss the 
other weak version of the universal property of the universal Tate-Drinfeld 
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module, which we need in the next section. We prove that there exists a 
unique ring homomorphism 

hp,x ■ © R\x] — ► v 

such that 

VA(^ td ,A td )-(^,A). 

In Theorem 15.81 we showed that each triple (tp, A, z) corresponds modulo £ 
to a unique triple (ip,n,A). Let m be the type of A. In trying to avoid 
confusion, we will write (ip nn , [i nn , A^) for the triple used in defining the 
Tate-Drinfeld module of type m over R((x)), where indeed (ip nn , /x un ) is the 
universal Drinfeld module with level /-structure of rank 1 over R. 
The pair over V comes from an A f -linear ring homomorphism, which 

we called h: 

h:R — ► V. 

We have h(^ un ,fi un ) = (ip,fi). 

We show that there exists an extension of h to R{xJ 

where R\x\ comes equipped with ip^, such that h^^{p^) = ip; cf. Proposi- 
tion [721 The main point is showing that there exists a ring homomorphism 
such that 

Lemma 7.5. Let mi and mi generate the ideal m. Then there exists an 
element £ E Ky such that the projective part of (ipf)~ 1 A is generated as 
A-module by the elements ip mi (() and ip mi (0- 

Proof. Let M = Ky be the algebraic closure of Ky, and let M tor be the set 
of ^4-torsion points in M; the ^-action is given by tp. 

1. The A-module M tOT is divisible, i.e., for all a G A\{0} the map 

1p a : Mtor ► Mtor 

is surjective. Namely, if x € M tor , then the equation ip a (z) = x has solutions 
in Mtor- Consequently, M tor is an injective module. Cf. Theorem 7.1 in [II]]. 
where it is shown that divisibility is the same as injectivity for modules over 
a PID; it is not difficult to extend this to a theorem over Dedekind domains. 

2. M/Mtor has a natural i^A-module structure. The following sequence of 
^-modules is exact: 

— ► M tor — ► M — ► M/Mt r — ► 0. 

Note that A is torsion-free, hence A © Mt or ^ M. Consider the projection 
map 

s : A © M tor — ► Mtor, bya®mwm. 
Because M tor is an injective module, it follows that s extends to a map 

s : M — ► Mtor- 

So the exact sequence splits according to s and M = M t0 r © M/M tor . 

3. According to 2., we may write (V>/) _1 A = iVi © N 2 with iVi = ^>[/](V) 
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being the torsion part and N2 = xn being the projective part of (ipj) 1 A. 
Let ei,e2 be generators of N2 such that i/j m2 ei = ip mi e2- Then 

{ipm-i)' 1 ^ = (V , m 2 )~ 1 e2 mod M tor - 

Let Ci G M be the unique element with Q \— > (tpm l )~ 1 ei G M/M toi and 
s(Ci) = 0. Then £1 - C2 >-> G M/M tor and s(Ci - C2) = 0. Consequently, 
£ := = £2 is the element we are looking for. □ 

Proposition 7.6. Every rank 2 Drinfeld module ip over V with Ky -rational 
f -torsion and with stable reduction of rank 1 and type m is induced by tp^ 
via the ring homomorphism 

V„ :R[x}^ V, 
i.e., /i^ iAt ((/?^) =y if- Extending h^ tfi to 

R((x)) — K v 

maps i/ie f -torsion of <p^ isomorphically to the f -torsion of p. 

Proof. In Section El we introduced skew polynomials P,Q\,Q2 G R{t} with 
QioP = In particular, we see that h(P) divides P' := gcd(^ mi , ip ma ) G 
f£V{r}. We may assume that m is not contained in the kernel of Af — ► V. 
Therefore, deg T P' = deg T h^^(P). Consequently, there exist elements 0i G 
Ky{r} with 

h(P) = Pllj) mi + /3 2 VW 

Let ( be the element from Lemma 1731 and define - := h(P)((). As iprniiC) 
and ipmi(C) generate the projective part of (rpf) A C Ky, we see that 
\^K V and 2 G V. 
We extend /i to 

: — > V by ihz. 

One can easily verify that 

□ 

Remark 7.7. The proof of Proposition 2.5 in [2^ is not entirely complete. 
One way of completing it, is by adding the construction of the lattice as is 
done here. This makes sure that the morphism h in Proposition 2.5 in |5J 
indeed exists. 

Theorem 7.8. Every pair (if, A) consisting of a rank 2 Drinfeld module (p 
over V with stable reduction of rank 1 with level f -structure A is induced by 
(99 td ,A td ) via the unique ring homomorphism h^x- 

Proof. Let (ip, (j,, A) be the triple associated to (p>, A), and let m be the type 
of A. Let h^^ : RfxJ — > V be the morphism such that h^^(p>^) = <p. Let 
a G GI2 (-A//.A) such that /i^ jAt (A^ o a) = A. The element a lies in a unique 
class No~i. Write a = to~i with t G N. Let h T be the ring homomorphism 
which is defined in Proposition 17.31 Define 
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as follows: h^^ equals h^ tfJj oh T on i?[x]( m](Ti ) and is zero on the other copies 

of //[./•; . 

The uniqueness follows from the construction and from Theorem 17.41 □ 
8. The compactification of M 2 (/) 

In this section we describe a compactification M 2 (f) of M 2 (/), which is 
analogous to the compactification of the classical modular curves given by 
Katz and Mazur in Chapter 8 of ^3]. We define the scheme of cusps, which 

_2 

we call Cusps. This is a closed subscheme of M (/). Moreover, we consider 
the formal scheme Cusps, which is the completion of M (/) along Cusps. 
In the following section we will use the universal Tate-Drinfeld module as 
defined in the previous sections to describe the scheme of cusps. 

8.1. The morphism j a . Let a € ^4\F g . Let (99, A) be the universal Drinfeld 
module of rank 2 with level /-structure over M 2 (f). Let B be the ring with 
Spec(£) = M 2 (/) and write 

2deg(a) 

ip a = ^iT l with hi E B for all i and &2deg(a) £ B*. 

i=0 

Let j a : M 2 (f) — ► be the morphism given by 

jf ■ A f [j] —> B , jh bf^ +1 /b 2 deg(a) ; 
cf. [SI 4.2]. Clearly, j a factors over M 2 (l). 
Lemma 8.1. The morphism j a is finite and flat. 

Proof. (This is the proof of Proposition 4.2.3 in |16j.^ The morphism j a is 
of finite type, hence we may use the valuative criterion to prove properness. 
Suppose that V is a discrete valuation ring, let Ky be its quotient field, and 
suppose that there are morphisms given that make the following diagram 
commutative. 

Spec(K y ) ► M 2 (/) 

3a 

Spec(F) ► A^. 

Note that the upper horizontal map gives rise to a (unique) map 

Spec(F) — M 2 (/) 

if and only if the pull-back of the pair (ip, A) via the upper horizontal map 
has good reduction at the maximal ideal of V. So j a is proper if and only if 
j a (x) G V implies that the pull-back (y/, A') over Ky has good reduction. If 
this pull-back does not have good reduction, it has stable reduction of rank 
1. Suppose that (<p,\) has stable reduction of rank 1, then there exists an 
element s S K y such that sip a s~ l has all coefficients in V, the deg(a)'th 
coefficient has valuation 0, and the 2 deg(a)'th coefficient has strictly positive 
valuation. This means that the image of j a (x) is not in V. We conclude 
that j a is proper. 

Because each connected component of M 2 (f) is an affine variety over ¥ q , it 
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follows by [111 ex. II. 4. 6] that j a restricted to such a connected component 
is finite. And thus j a is finite. 

The finite ring homomorphism ja is injective. Let ^3 C B be a prime ideal 
lying above p C Ay[j]. Then both local rings f?<p and Aj[j] p are regular 
and of equal dimension. By the finiteness of j a it follows that -Bsp is a free 
j4j[j]p-module, cf. Corollary IV. 22 in [T^]. Hence, j a is flat. □ 

jf 

8.2. The compactification. The ring B is a finite At [j] -algebra via ja. 
Let C denote the normalization of ^/[j] inside the quotient ring of B. Then 
C is finite over A f [l); cf. Corollary 13.13 in 0. 

The compactification M 2 (f) of M 2 (f) is defined as the scheme obtained by 
glueing Spec(i?) and Spec(C) along their intersection. We obtain a finite 
morphism 



Ja ■■ M 2 (f) 



1)1 



The following diagram is cartesian 

M 2 (f) > M 2 (f) 

ja j a . 

A\, > V\ f . 

Remark 8.2. By Theorem 19.11 it follows that j a is flat in the points of the 
boundary of M (/); therefore, j a is flat. 

Lemma 8.3. The scheme M 2 (f) is independent of the chosen element a. 

Proof. Let B' be a connected component of B. Let a\,a% £ A\F q and 
consider the maps j ai : — > B'. Let Cj be the integral closure of 
^4j[j:] inside Kb 1 - Let X{ be the scheme obtained by glueing Spec(Cj) and 
Spec(i?') along their intersection. 

Let p £ Xi\Spec(B') be any prime of height one of C\, then i £ p. Let i>p 
be the valuation of Kb' given by p. If vp(j^) < 0, then p would correspond 
to a valuation of i^A^] anc i therefore to a valuation of i?'; cf. Section VII. 9 
in Consequently, Vp(j^) > 0. The same is true if we interchange j\ and 
j%. We conclude that the set of valuations v of K' B with f (j'j) > does not 
depend on i. Therefore, X\ = X2. □ 

— 2 

8.3. The scheme of cusps. To describe the boundary of M (/), we intro- 
duce the scheme of cusps, which we call Cusps. Let r be the intersection of all 
height 1 primes p containing i, i.e., r = rad(j). And V(x) = M (f)\M 2 (f). 

Let C := lim C/x n . 

Lemma 8.4. The ring C is normal and a finite Aff^J- algebra. 

Proof. The ring B is regular. So C = 0jCj where each is an integrally 
closed domain. The ring C is excellent. By ,9, 7.8.3.vii] it follows that 
C is normal. As C is a finite Ay [i]-algebra, it follows that C is a finite 
A/[i]-algebra. □ 
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We denote Aj((-j)) := AfljJ[j]. Furthermore, we define the formal scheme 

Cusps := Spf(C), 

which is the formal neighbourhood of Cusps. Let O denote the structure 
sheaf of Cusps. The scheme of cusps is defined as 

Cusps := (Cusps, O/x) = Spec(C/t). 

Theorem 8.5. The Af-morphism Wf given by Theorem \4-l\ can be extended 
to an Af-morphism 

w f :M 2 {f)^M\f). 

Its restriction to the scheme of cusps gives a finite Af-morphism 

w f : Cusps — ► M l {f). 

Proof. The Weil pairing gives an i?-algebra structure R — > B. Because 
R is integral over Af, B is the integral closure of Af[j] in the quotient 
ring of B and C is the integral closure of ^4/[j] i n this quotient ring, it 
follows immediately, that the ring homomorphism R — > B gives a ring 
homomorphism R — ► C. These two maps glue to 

w r .M 2 {f)^M\f). 

The restriction of Wf to Cusps is given by R — ► C — ► C/x. As C is finite 
over -A/[i], it follows that C/x is finite over Af. As R is finite over Af, we 
may conclude that Wf restricted to Cusps is finite. □ 

9. The cusps and the Tate-Drinfeld module 

In the previous section, we defined the scheme of cusps and the formal 
scheme Cusps = Spf(C). In this section, we will relate these schemes to 
the universal Tate-Drinfeld module, which we introduced in Section El In 
fact, using the universal property of the universal Tate-Drinfeld module and 
the C1(j4) x Gl2(j4//A)-equivariance of the Weil-pairing, we will be able to 
prove the following theorem. If we write '©p', we mean the direct sum over 
all minimal primes p containing i. 

Theorem 9.1. There exists an R\^\-linear isomorphism 
d ^ e p \imC/p n ^ (BRlxj im ^ } , 

such that 

Cusps -^-> ©i?(m j(Jl ). 

From this theorem we can derive the following important corollary: 

Corollary 9.2. The compactification M (/) of M 2 (/) is regular, and even 
smooth over Spec(Af). Furthermore, the scheme of cusps is isomorphic to 

Cusps * H M\f), 
(m,o-i) 
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where m runs through C1(j4) and o~i runs through the cosets of N\Gli(A/ fA) 
where 

Consequently, the scheme Cusps consists of ^^f^y^q-i^ C0 P^ es °f M 1 {f). 

Proof. By Theorem 19 . 1 1 the ring C is regular in the points above i and thus 

C is regular. Consequently, M 2 (f) is regular. The description of Cusps and 
the number of its components follows from Theorem 19.11 
To prove smoothness over Spec(-Af), note that by the corollary to Proposi- 
tion 5.4 in pj, the morphism M 2 (/) — > Spec(Aj) is smooth. So we only 
need to prove smoothness in the closed points of Cusps. We have 



C S ®R\x\ 



(m,CT;)) 



so C is formally smooth over Af. This implies by 17.5.1 and 17.5.3 in ^U] 
that the morphism M 2 (f) — > Spec(Af) is smooth in the closed points of 
Cusps . □ 

9.1. The proof of Theorem 19.11 The rest of this section is devoted to 
proving Theorem 19. 11 The universal Tate-Drinfeld module over Z gives rise 
to an ^4y-morphism 

Z open ^M 2 (f), 

where Z open denotes the localization of Z at (x), i.e., 

Z pcn = Spec(ei?((x)) (mi(Ti) ). 

It follows from Remark 17.21 that this morphism is C1(A) x G\i{A/ f A)- 
equivariant. 



Let Z x= q denote the scheme 

Spec (@Rlx] {mttri) /(x)) . 

The line of argument is as follows: in Lemma 19.31 we show how to relate 
the Tate-Drinfeld module to the study of the cusps, and in Lemma 19.41 
we describe the scheme Cusps. This latter lemma enables us to lift the 
isomorphism Cusps — ► Z x= q to an isomorphism C — ► Z. Let C p denote 
the completion of the local ring of C at p. 

Lemma 9.3. Every R\x\( m ^.^ is a finite A /[j]- algebra. Consequently, the 
morphism Z open — > M 2 (/) comes from a morphism 

h x :Z — ► Spec(C) CM 2 (f). 

Moreover, the universal property of the Tate-Drinfeld module gives rise to a 
morphism 

hi : Spec(©pC p ) — > Z. 
The composition h\ o hi is the natural morphism. 
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Proof. Write Rfxj = i?[x]( mcr .) for some pair (m, <7j) and write (^m)a = 
^ ( CjT ! for the element a £ A which is used to define j a . Then c 2 de g (a) S 
R((x))*, because (p^ is a Drinfeld module over R((x)). Moreover, 

mod (x) = tp. 

So the coefficient Cd eg (a) £ i?[a?J*. This implies by definition, that 4 is 
mapped to a • G with a £ -R[x]* and A; E Z>o- From this it follows 

that is a finite i?[A]-module. The morphism 

2o P cn — M 2 (/) 

comes from a ring homomorphism 

3 J 

Because C is finite over -Ay [-] and R\x\ is finite over A f U}, it follows that 

the image of C under this ring homomorphism lies in ©-R[x]( m!(Ti ). 

For the 'moreover '-part, let p C C be a minimal prime ideal containing A. 

The ring C p is a complete discrete valuation ring and comes equipped with 
a Tate-Drinfeld structure via the morphism 

Spec(i^)^M 2 (/). 
By Theorem [721 there exists a unique ring homomorphism 

®R\x\ m , (Ti ) — » C p 

which induces on C p this Tate-Drinfeld structure. This can be done for every 
minimal prime p containing i. □ 

Lemma 9.4. The morphism h\ induces an isomorphism 

Z x= q — > Cusps. 

Every pair (m, dj) corresponds via this isomorphism to one and only one 
minimal prime p C C containing A . Consequently, 

C = eplimC/p". 

Proof. We will first prove that the number of irreducible components of 
Cusps equals the number of irreducible components of Z x= q. Subsequently, 
we will show that these components of Cusps intersect nowhere. 
Because Cusps = Spec(C/(np)), the irreducible components of Cusps are 
in a one-to-one corresponcende to the minimal primes containing A. The 
morphisms hi and hi introduced in Lemma 19.31 give rise to the following 
maps on the sets of irreducible components: 

{irr. comp. of Cusps} — {irr. comp. of Z x= q} {irr. comp. of Cusps}. 

As a morphism of schemes hi o /i 2 is the natural map. Therefore, the com- 
position hi o /i 2 on the set of irreducible components is the identity. Conse- 
quently, /i 2 on the irreducible components is injective. 

Moreover, the set of irreducible components of Z x= $ is by definition one or- 
bit under the elements (m, u,). Clearly, the map hi on the set of connected 
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components is equivariant under this group action, and as the image of hi is 
not empty, it follows that the first map on the irreducible components is also 
surjective. So we may conclude that the number of irreducible components 
of Cusps equals the number of irreducible components of Z x =o- 
The irreducible components of Z x= q intersect nowhere. We will prove that 
this is also the case for the irreducible components of Cusps. By the ex- 
tension of the Weil pairing to M (/), the ring C comes equipped with an 
i?-algebra structure. Let 

(:R — ► ei?[a;] (ro){T .) 
w t h f 

denote the composition R — > C — > ©-R[^](m,o-i)- 

Choose any maximal ideal n C R and let q run over all minimal primes of 
C/nC containing 4. We write 

CJ^C = lim(C7/nC)/(-) n , 
<— 3 

and (C/nC) for the completion along q of the local ring (C/tiC)q. 

In this case we have analogues of the morphisms hi, hi, namely, -R-algebra 

homomorphisms 

C/nC- ©i?/C(n)[x] (m , CTi) eC7nC- q . 

And now, as before, we define maps on the sets of irreducible components: 
/i2 : {irr. comp. of Cusps x Spec(i?/n)} — ► {irr. comp. of Z x —q x Spec(i?/n)}, 

hi : {irr. comp. of Z x= q x Spec(i?/n)} — > {irr. comp. of Cusps x Spec(i?/n)}. 



The composition of these two maps on the set of irreducible components is 
the identity. Namely, the composition h\ o /i 2 is the natural map on the 
rings. Using the same argument as above shows that hi on the irreducible 
components is a bijection. 

We conclude that for every prime n C R the number of irreducible compo- 
nents of 

Cusps x Spec(i?/n) 

equals the number of irreducible components of Cusps. Recall that by The- 
orem EE1 the morphism wj : Cusps — ► M 1 (/) is finite. Therefore, if the 
irreducible components would intersect above some prime ideal n C R, then 
Cusps x Spec(i2/n) would have less irreducible components. As this is not 
the case, we conclude that the irreducible components of Cusps intersect 
nowhere. 
We write 

Cusps = Spec(©5 , ( mjCTi) ) 

where Spec(S , ( mcr .)) are the connected components of Cusps. For every pair 
(m, <Tj), we get 72-linear ring homomorphisms on the connected components: 

hf hf 
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Because the composition is the identity and Sr mi(T .\ is finite over R, it follows 
that 

For the latter two statements of the lemma, note that the isomorphism 
implies that the minimal primes p are relatively prime and, consequently, 

r = np- □ 

The next step is to lift the isomorphism from Lemma l9.4l to an isomorphism 

C ^ ©/2[s] (nVTi )- 

Let 

W : = lim C/p n 

for some minimal prime p containing 4. 

Lemma 9.5. The ring W is isomorphic to R\xJ. 

Proof. By Lemma |8.4I the ring W is integrally closed and a finite 
algebra, and by the isomorphism of Lemma 19.41 the ring W is a finite 
algebra. 

The completion of the local ring Wp is isomorphic to C p . The morphisms 
hi and h<i give on the completions of the local rings injective maps 

C p ^ K R \x\ ^ C p . 

As hi!} ° hi is the identity, there exists an isomorphism i^Jx] = C p . 
We conclude that W is regular. Therefore, we may asssume that x is an 
element of W and that W is a finite R{xJ -algebra. So we get injective 
R pc] -linear ring homomorphisms 

R{xj — > W — ► R\x\ 

where the first map is the i?[x]-structure morphism of W and the second 
map is hf. We conclude that W = R\x\. □ 

This enables us to prove Theorem 19.11 

Proof of Theorem \9.1\ By the previous lemma, it follows that 

C^@R\x\ {mia .y 

Together with Lemma 19.41 the theorem follows. □ 

10. Components of M 2 (f) 

In this section we describe the geometric components of M 2 (f) and prove 
the connectedness of M 2 (/). For a non-zero prime *p C R we write : = 

The first result is the following: 

Theorem 10.1. The scheme 

M 2 (f) x M\f) 
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consists of h(A) ■ [(A/fA)* : ¥*] connected components, which are all geo- 
metrically connected. Moreover, for every non-zero prime ideal *P C R the 
fibre at *p 

M 2 (/) x Spec(At(<P)), 
A f 

consists of h{A) ■ [(A/fA)* : F*] connected components, which are all geo- 
metrically connected. 

Proof. Let be the completion of the quotient field of Af along the point 

00, and let Coo denote the completion of the algebraic closure of K^. By 
the analytic theory, as is shown in [22J, we know that 

M 2 (f) x Af Specter 

consists of h(A)-[(A/ f A)* : F*] components. Because R is a Galois extension 
of Af with Galois group G, we have R ®Ay R — ®gR- By the Weil pairing 
one sees that 

M\f) x M\f)^%M\f)x Af M\f) 
A s 

consists of h(A) ■ #G connected components. As j^G = [(A/fA)* : ¥*}, 
these components are geometrically connected components. 
Consider the fibres over R. Let *}3 C R be a non-zero prime ideal and let V be 
the completion along *}3 of the local ring i?«p. Suppose M (/) x^Spec(K(*p)) 

has more than one connected component, then also M (/) x^ Spec(Vy^3™) 
has more than one connected component for every n and consequently, both 
M (/) x Spec(y) and M (/) x R Spec(K v ) consist of more than one compo- 
nent. This, however, contradicts the fact that M (/) x R M 1 (f) is geometri- 
cally connected. So we conclude that M (/) Xr Spec(ft(^)) is geometrically 
connected. □ 

This theorem enables us to say something about the Drinfeld modular 

curves. Let, as before, N = 

Theorem 10.2. For every R-field K the curve M*(f) xr Spec(-ff) is a 
smooth, irreducible curve containing h(A) ■ [G\2(A/ f A) : iV] cusps. 

Proof. Clearly, the scheme Cusps consists of h(A) ■ [G\2(A/ fA) : N] copies 
of R. Consequently, 

Cusps x Spec(-fT) 

consists of h(A) ■ [G\2(A/ fA) : N] points. The irreducibility follows imme- 
diately from the proof of Theorem 111), II □ 

10.1. The analogue of Xq(N). The analogue in the setting of Drinfeld 
modular curves of the modular curve Xq(N) is the curve 

X (f) := M\f)/H, where H=( {A/f Q A) * ^jf£ y ) C G\ 2 (A/fA). 

One may deduce from Theorem 110.11 the following theorem concerning the 
cusps and the geometric components of M (f)/H. Define Ro = R} A 'f A > / F <?, 

1. e., Spec(i?o) = M 1 (l). Write Cusps for the scheme of cusps of Xq(/). 



(W* A/fA \ 
I (A/fA)* I 
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Theorem 10.3. The Weil pairing induces an isomorphism 

Cusps Q JJ Af 1 (l) 

where p runs through the double cosets N\G\2{A/ f A) / H . 

The scheme Xq(/) is connected, and for any RQ-field K the scheme Xo(f) x 

Spec(-fT) consists of h(A) geometrically connected components. 

Proof. The morphism wj gives an isomorphism between M 1 (/) and any 
connected component of Cusps. Consequently, Wf gives an isomorphism 
Cusps — ► ©( m(T .)M 1 (/). Recall that N acts trivially on each copy of 

M 1 (f). Furthermore, the action of a = f ^ ^ j with a € (A/fA)* 

on Cusps is as follows. Let i,j 6 N such that o~i o a € iVcr^, and consider 
a as an element of the Galois group Gal(K R /K Ro ) = (A/fA)*/¥* then a 
acts as 

Because i7 contains the subgroup i f q a 1 ^ a ^ we see * na ^ 

dividing out Cusps by i7 gives an isomorphism 

Cusps ^ ©(^M^l) 
where p runs through the cosets of N\G\z(A/ fA)/H. 

The number of components follows immediately from Theorem 110, II □ 



References 

[1] G. Bockle. An Eichler-Shimura isomorphism over function fields between Drinfeld 
modular forms and cohomology classes of crystals. To be published in the LNM-series 
of Springer- Verlag. 

[2] N. Bourbaki. Elements of Mathematics. Springer- Verlag, Berlin, 1989. Commutative 

Algebra. Chapters 1-7, Reprint. 
[3] P. Deligne and D. Husemoller. Survey of Drinfel'd modules. In Current trends in 

arithmetical algebraic geometry (Areata, Calif., 1985), pages 25-91. Amer. Math. 

Soc., Providence, RI, 1987. 
[4] P. Deligne and M. Rapoport. Les schemas de modules de courbes elliptiques. In 

Modular functions of one variable, II (Proc. Internat. Summer School, Univ. Antwerp, 

Antwerp, 1972), pages 143-316. Lecture Notes in Math., Vol. 349. Springer, Berlin, 

1973. 

[5] V. G. Drinfel'd. Elliptic modules. Math. USSR Sbormk, 23:561-592, 1974. 

[6] D. Eisenbud. Commutative algebra, volume 150 of Graduate Texts in Mathematics. 

Springer- Verlag, New York, 1995. 
[7] E.-U. Gekeler, M. van der Put, M. Reversat, and J. Van Geel, editors. Drinfeld 

modules, modular schemes and applications, River Edge, NJ, 1997. World Scientific 

Publishing Co. Inc. 

[8] D. Goss. Basic structures of function field arithmetic. Springer- Verlag, Berlin, 1996. 
[9] A. Grothendieck. Elements de geometrie algebrique. IV. Etude locale des schemas et 
des morphismes de schemas. II. Inst. Hautes Etudes Sci. Publ. Math., (24):231, 1965. 
[10] A. Grothendieck. Elements de geometrie algebrique. IV. Etude locale des schemas et 
des morphismes de schemas. IV. Inst. Hautes Etudes Set. Publ. Math., (32):361, 1967. 
[11] R. Hartshorne. Algebraic geometry, volume 52 of Graduate Texts in Mathematics. 

Springer- Verlag, New York, 1977. 
[12] G.J. van der Heiden. Weil pairing for Drinfeld modules. To appear in Monatsh. Math. 



DRINFELD MODULAR CURVE AND WEIL PAIRING 



37 



[13] G.J. van der Heiden. Weil pairing and the Drinfeld modular curve. PhD thesis, Uni- 
versity of Groningen, 2003. 

[14] P. J. Hilton and U. Stammbach. A course in homological algebra, volume 4 of Grad- 
uate Texts in Mathematics. Springer- Verlag, New York, second edition, 1997. 

[15] N.M. Katz and B. Mazur. Arithmetic moduli of elliptic curves. Princeton University 
Press, Princeton, NJ, 1985. 

[16] T. Lehmkuhl. Compactification of the Drinfeld modular surfaces. Habilitationsschrift, 
2000. 

[17] H. Matsumura. Commutative algebra. Benjamin/Cummings Publishing Co., Inc., 

Reading, Mass., second edition, 1980. 
[18] M. Sa'idi. Moduli schemes of Drinfeld modules. In Drinfeld modules, modular schemes 

and applications (Alden-Biesen, 1996), pages 17-31. World Sci. Publishing, River 

Edge, NJ, 1997. 

[19] J.-P. Serre. Algebre locale ■ Multiplicites, volume 11 of Cours au College de France, 
1957-1958, redige par Pierre Gabriel. Seconde edition, 1965. Lecture Notes in Math- 
ematics. Springer- Verlag, Berlin, 1965. 

[20] L. Taelman. Reductions of Drinfel ' d modular curves. Master's thesis, University of 
Ghent, 2002. 

[21] M. van der Put and J. Top. Algebraic compactification and modular interpretation. 

In Drinfeld modules, modular schemes and applications (Alden-Biesen, 1996), pages 

141-166. World Sci. Publishing, River Edge, NJ, 1997. 
[22] M. van der Put and J. Top. Analytic compactification and modular forms. In Drinfeld 

modules, modular schemes and applications (Alden-Biesen, 1996), pages 113-140. 

World Sci. Publishing, River Edge, NJ, 1997. 

Department of Mathematics RuG, P.O. Box 800, 9700 AV Groningen, the 
Netherlands 

E-mail address: gertjan@math.rug.nl 



